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Abstract
The 0-stitched disks property is introduced and shown to detect codimension one manifold factors of dimension n  4. It is
shown that if a space X is an ANR and has the 0-stitched disks property, then X has the disjoint homotopies property. It follows
that if a space X is a resolvable generalized manifold of dimension n 4 with the 0-stitched disks property, then X is a codimension
one manifold factor. Whether or not the 0-stitched disks property is equivalent to the disjoint homotopies property remains an open
question.
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1. Introduction
A classical problem in topology is the characterization of spaces that are manifolds. Associated with this problem
is the characterization of spaces that are manifold factors. A space X is said to be a codimension k-manifold factor
if X × Rk is a manifold. Daverman has demonstrated that all finite-dimensional resolvable generalized manifolds
are codimension two manifold factors [6]. To date, it is unknown whether or not all finite-dimensional resolvable
generalized manifolds are codimension one manifold factors. However, there are many examples of non-manifold
spaces that are known to be codimension one manifold factors. Some of the most bizarre examples are the 2-ghastly
spaces constructed by Daverman and Walsh [9]. These spaces have the property that they contain no embedded
j -cells for 2  j < n. By putting minor controls in the construction of such spaces, it is possible to insure that the
resulting space is a codimension one manifold factor [12]. Other interesting examples of non-manifold codimension
one manifold factors include Bing’s Dogbone space [1,2], the Totally Wild Flow [4], and the k-ghastly spaces for
k  3 [11].
General position properties have been particularly useful in characterizing manifolds and manifold factors. In
the mid-1970s, Edwards proved a conjecture of Cannon’s that the n-manifolds, for n  5, are precisely the finite-
dimensional resolvable generalized manifolds with the disjoint disks property (DDP) [3,7,10]. Likewise, there are
several general position properties, which when satisfied by an absolute neighborhood retract X, are known to imply
that X×R has DDP [5]. Examples include the disjoint arc disk property (DADP) [7], which is satisfied by many spaces
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is even satisfied by certain spaces arising from generalized defining sequences, including many k-ghastly spaces for
k  2 [11,12]. Although, the disjoint homotopies property is not generally verified directly. The plentiful 2-manifolds
property (P2MP) and the method of δ-fractured maps have proven to be useful in identifying spaces that have the
disjoint homotopies property. Still, not all codimension one manifold factors satisfy P2MP. What is more, the method
of δ-fractured maps is cumbersome and it is not clear that it always applies. A property that has been demonstrated
to provide a characterization of codimension one manifold factors is the disjoint concordances property (DCP) [8].
However, this property has not yet proven to have great utility in application.
In this paper, the 0-stitched disks property is introduced. Whether a resolvable generalized manifold X satisfies the
0-stitched disks property is very often easily verified, provided one understands the construction of the decomposition
from which X arises. Indeed, for most examples, it is not difficult to control the construction of the space to insure that
the 0-stitched property is satisfied. It will be shown that the 0-stitched disks property implies the disjoint homotopies
property and can therefore be used to detect codimension one manifold factors of dimension n 4.
2. Main results
Our strategy is to show that if a space X has the 0-stitched disks property, then X has the disjoint homotopies
property. Therefore, if X is a finite dimensional resolvable generalized manifold with the 0-stitched disks property, X
is a codimension one manifold factor. We will begin by introducing some definitions.
In this paper we will let both D and I denote [0,1]. We will let D2 denote D × I . An infinite 1-skeleton of D2,
denoted by (K∞)(1), is the union of the 1-skeleta of a sequence of triangulations {Ki} of D2 such that mesh(Ki) → 0.
A space X is said to have the disjoint homotopies property (DHP) provided that any two path homotopies f,g :D×
I → X have approximations f ′, g′ :D × I → X so that ft (D)∩ gt (D) = ∅ for all t ∈ I .
A pair of 0-stitched disks and the 0-stitched disks property are defined as follows:
Definition 2.1. The maps of f,g :D2 → X are said to be 0-stitched provided that there are 0-dimensional Fσ sets A
and B contained in the interior of D2 such that f (D2 − A) ∩ g(D2 − B) = ∅. We say that f and g are 0-stitched
along A and B . If Y and Z are sets in D2 missing A and B , respectively, then we say that f and g are 0-stitched away
from Y and Z.
Definition 2.2. A space X has the 0-stitched disks property if any two maps f,g :D2 → X can be approximated by
maps f ′, g′ :D2 → X such that f ′ and g′ are 0-stitched along 0-dimensional Fσ -sets A and B and away from infinite
1-skeleta (K∞j )(1), j = 1,2, of D2 such that f ′|(K∞1 )(1) ∪ g′|(K∞2 )(1) is 1–1.
We now prove our main result:
Theorem 2.3. If X has the 0-stitched disks property, then X has DHP.
Proof. Let f,g :D × I → X be given. Without loss of generality, assume f,g :D × I → X are 0-stitched along
0-dimensional Fσ -sets A and B and away from infinite 1-skeleta (K∞j )(1), j = 1,2, of D × I such that f ′|(K∞1 )(1) ∪
g′|(K∞2 )(1) is 1–1. Let A =
⋃
Am and B =⋃Bm such that each Am and each Bm is closed 0-dimensional.
Let C be the set of self-homeomorphisms of D × I whose restriction to the boundary is the identity map. Define
Am =
{
(ψ,φ) ∈ C × C | if ψ(x, t) ∈ Am and fψ(x, t) = gφ(y, s) then t 	= s
}
and
Bm =
{
(ψ,φ) ∈ C × C | if φ(y, s) ∈ Bm and fψ(x, t) = gφ(y, s) then t 	= s
}
.
Let Q= (⋂Am)∩ (⋂Bm).
We claim that if (ψ,φ) ∈Q, then fψ and gφ are disjoint homotopies. Suppose not. Then there is a pair of maps
(ψ,φ) ∈ Q and points (x, t) and (y, t) so that fψ(x, t) = gφ(y, t). Now if ψ(x, t) ∈ A, then ψ(x, t) ∈ Am for
some m. Since (ψ,φ) ∈Am then fψ(x, t) 	= gφ(z, t) for any z ∈ D contradicting that fψ(x, t) = gφ(y, t). Hence
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g(D × I − B) = ∅ which again contradicts that fψ(x, t) = gφ(y, t). Therefore fψ and gφ are disjoint homotopies.
The conclusion of our theorem will now follow once we show that Am is open and dense in C × C.
Step 1. Am is open in C × C.
We begin with the following lemma:
Lemma 2.4. Suppose (ψ,φ) ∈Am. Then there exists ζ > 0 such that for any (x, t) ∈ ψ−1(Am) and (y, s) ∈ D × I
such that fψ(x, t) = gφ(y, s), then |t − s| ζ .
Proof. Suppose not. Then there are sequences
(xn, tn) → (x, t), (yn, sn) → (y, s) (1)
such that (xn, tn) ∈ ψ−1(Am), fψ(xn, tn) = gφ(yn, sn) and |sn − tn| < 1/n. Since ψ−1(Am) is closed, (x, t) ∈
ψ−1(Am). Also note that it must be the case that s = t . Hence fψ(x, t) = gφ(y, t). This contradicts our choice
of (ψ,φ). Therefore there must be a ζ > 0 which satisfies the conditions of the conclusion. 
Now to show that Am is open, let (ψ,φ) ∈Am. Choose ζ > 0 that satisfies Lemma 2.4. Choose (ψ ′, φ′) ∈ C × C
so that
ρ¯(ψ,ψ ′) = ρ(ψ,ψ ′)+ ρ(ψ−1, (ψ ′)−1)< ζ/2
and
ρ¯(φ,φ′) = ρ(φ,φ′)+ ρ(φ−1, (φ′)−1)< ζ/2,
where ρ is the sup norm metric. Suppose (ψ ′, φ′) /∈Am. Then there exists (x, t), (y, t) ∈ D × I such that ψ ′(x, t) ∈
Am and fψ ′(x, t) = gφ′(y, t). Note
fψψ−1ψ ′(x, t) = gφφ−1φ′(y, t).
Let
ψ−1ψ ′(x, t) = (x′, t ′), φ−1φ′(y, t) = (y′, s′) (2)
Then
(a) fψ(x′, t ′) = gφ(y′, s′),
(b) ψ(x′, t ′) = ψ ′(x, t) ∈ Am,
(c) ρ(ψ−1ψ ′, id) < ζ/2, and
(d) ρ(φ−1φ′, id) < ζ/2.
From (b) we know that (x′, t ′) ∈ ψ−1(Am). From (c) and (d) we have that |t− t ′| < ζ/2 and |t−s′| < ζ/2, respectively.
Hence |s′ − t ′| < ζ . This fact together with (a) contradicts the choice of ζ . Thus, it must be the case that (ψ ′, φ′) ∈Am.
It follows that Am is open in C × C.
Step 2. Am is dense in C × C.
Let (ψ ′, φ′) ∈ C × C and ε > 0. We desire to find (ψ,φ) ∈Am so that ρ¯(ψ ′,ψ) < ε/2 and ρ¯(φ′, φ) < ε/2. One
should view ψ and φ as maps which deform the domains of f and g, respectively, to give modified homotopies fψ
and gφ so that the points at which these maps fail to be disjoint homotopies occur away from Am in the domain of fψ .
To select φ :D × I → D × I we simply require that ρ¯(φ,φ′) < ε/2 and
φ
( ⋃
q∈Q∩I
D × {q}
)
⊂ (K∞2 )(1).
Such a map is easily obtained by a controlled sequences of pushes of the rational levels D × q , q ∈Q, into the infinite
one skeleton (K∞)(1). The purpose is to embed D ×Q into a set on which g is 1–1.2
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mapped away from B by φ so that gφ is 1–1 on these levels. The corresponding levels in the domain of ψ map onto Am . Care is taken in defining
ψ so that for each designated level, ψ(D × {tk}) misses f−1gφ(D × {tk}). Objects in grey correspond to a given tk -level.
In order to determine an appropriate ψ , we must exercise care. Choose δ so that 0 < δ < ε/8 and if diam(Z) δ,
then diam((ψ ′)−1(Z)) < ε/8. Let G be a square grid in D × I partitioning D × I into squares of diameter less than δ.
Remove the grid lines off of Am by a very small push, if necessary, so that the modified grid G′ still partitions D × I
into closed regions that are topological disks. Label the collection of these regions as R. Next choose sufficiently
many values
0 = t0 < t1 < · · · < tn = 1
so that ti ∈Q∩I and each region R ∈R contains nonempty arcs Λ(R) and Λ′(R) such that for some k = 1, . . . , n−2,
Λ(R) ⊂ ψ ′(D × {tk}) and Λ′(R) ⊂ ψ ′(D × {tk+1}).
We also require that the arcs are contained in the interior of R except the endpoints which are contained in the
boundary of R. Let
Am(k) = f−1gφ
(
D × {tk}
)∩Am.
As arranged, gφ is 1–1 on D × {tk}. It follows that
Am(k)∩ Am(j) = ∅ if k 	= j.
Note that Am is a closed 0-dimensional set. Our goal is to define ψ :D × I → D × I in such a way that Am ⊂
ψ(D × {t1, . . . , tn}) but ψ(D × tk)∩Am(k) = ∅ and ρ¯(ψ,ψ ′) < ε/2.
With the given setup, we are now ready to proceed to construct ψ . Let {B1, . . . ,Bq} be a set of pairwise disjoint
p.l. balls in D × I which satisfy the following:
(1) The interiors of the balls cover Am.
(2) Each ball is contained in the interior of one of the regions in R.
(3) If Bl ∩ Am(k) 	= ∅, then Bl ∩Am(j) = ∅ for k 	= j .
(4) No ball covers Λ(R) or Λ′(R) for any R ∈R.
Now given Bl , let R be the region in R that contains Bl . Let k be the index such that Λ(R) ⊂ ψ ′(D × {tk}) and
Λ′(R) ⊂ ψ ′(D × {tk+1}). From condition (3), either Bl ∩ Am(k) = ∅ or Bl ∩ Am(k + 1) = ∅. Let γ [l] be either k or
k + 1 so that Bl ∩Am(γ [l]) = ∅. Let Λl(R) be the arc Λ(R) or Λ′(R) which lies in ψ ′(D × {tγ [l]}).
Choose distinct points p1,p2, . . . , pq so that for l = 1, . . . , q , pl ∈ Λl(R) −⋃Bi. Construct disjoint p.l. arcs αl
from pl to Bl in the interior of R so that each αl meets the boundary of Bl transversely. Let B ′l be a p.l. ball that is the
union of Bl and a small thickening of αl . The thickening should be sufficiently small so that {B ′1, . . . ,B ′q} are disjoint
balls that also satisfy the conditions (1)–(4) above. Let Jl be a subarc of ψ ′(D × {tγ [l]}) in the interior of B ′. Sincel
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arcs and closed 0-dimensional sets are tame in 2-balls, there is a homeomorphism θl :B ′l → B ′l which is the identity
on the boundary and maps Jl onto Bl ∩ Am. Let ψ = θψ ′ (see Fig. 2). Then Bl ∩ Am ⊂ θ(Jl) ⊂ ψl(D × {tγ [l]}). Let
ψ =
(⋃
ψl
)
∪ id(D×I−⋃Bl) .
Then
(1) ρ¯(ψ,ψ ′) = ρ(ψ,ψ ′)+ ρ(ψ−1, (ψ ′)−1) < 2δ + 2(ε/8) < ε/2,
(2) Am ⊂ ψ(D × {t1, . . . , tn}), and
(3) Am(k)∩ ψ(D × {tk}) = ∅.
To show that ψ is the desired map, suppose (x, t), (y, t) ∈ D × I such that ψ(x, t) ∈ Am and fψ(x, t) = gφ(y, t).
Since Am ⊂ ψ(D × {t1, . . . , tn}), there exist k such that ψ(x, t) ∈ ψ(D × {tk}). Hence t = tk . Then fψ(x, tk) =
gφ(y, tk) so ψ(x, tk) = f−1gφ(y, tk) ∈ Am. Thus ψ(x, tk) ∈ f−1gφ(D × {tk}) ∩ Am = Am(k). But ψ(D × {tk}) ∩
Am(k) = ∅ (see Fig. 1). Therefore no such (x, t) and (y, t) exists. Therefore, (ψ,φ) ∈ Am. Hence Am is dense in
C × C. 
3. Application
A finite-dimensional space X is a resolvable generalized manifold if there is a cell-like map π :M → X where M
is a n-manifold. Such a space X can be constructed by partitioning M into and upper semi-continuous decomposition
G of M consisting of cell-like sets. The space X is declared to be the resulting decomposition space, X = M/G, with
decomposition map π :M → M/G = X.
There are many examples of resolvable generalized manifolds X = M/G in which the 0-stitched disks property
can be immediately verified. Most often, the non-trivial elements of G arise from a defining sequence comprised of
thickened (n− 2)-manifolds. Suppose that {Ki} is a sequence of triangulations of a manifold M with mesh(Ki) → 0.
If, as a defining sequence for a decomposition G is constructed, the thickened (n − 2)-manifolds of the ith stage
can be put in general position with respect to the 2-skeleta of Ki so that the nondegeneracy set of the restriction
of G to the 2-skeleta of each Ki is 0-dimensional Fσ -set, then the resulting decomposition space will have the 0-
stitched disks property. These conditions are generally easily imposed in constructions of resolvable generalized
manifolds that arise from defining sequences. The questions of whether the 0-stitched disks property is equivalent
to the disjoint homotopies property in resolvable generalized manifolds or whether all codimension one manifold
factors of dimension n  4 have the 0-stitched disks property are unresolved. However, almost every example of a
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The 0-stitched disks property is an effective detector of codimension one manifold factors.
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